For general law invariant coherent measures of risk, we derive an equivalent representation of a risk-averse newsvendor problem as a mean-risk model. We prove that the higher the weight of the risk functional, the smaller the order quantity. Our theoretical results are confirmed by sample-based optimization.
Introduction
The classical newsvendor problem, a stochastic inventory replenishment problem with random demand, can be described as follows. There is a perishable single product in a single period of time; backlog is not allowed. The vendor has to order the item before the demand is realized. The demand is only known in the form of its probability distribution function. If the vendor orders too much, the leftovers have only a small salvage value; if the vendor orders too little, he faces lost sales. The problem is to maximize the expected profit. It has a simple analytical solution and many applications, such as plant capacity and overbooking problems.
Due to its simplicity and versatility, many variants of the classical problem have been studied. However, much less attention has been paid to the effect of risk aversion in the newsvendor problem.
In our note, we study a risk-averse newsvendor problem with coherent measures of risk. We first reformulate the problem as a mean-risk model and consider the risk-averse newsvendor solutions with different risk functionals. Then we extend our analysis to general law invariant coherent measures of risk. Finally, we present a numerical illustration.
Our study is motivated by the recent paper [3] , where the authors (under a different set of assumptions involving a large backlog penalty) conclude that, for a specific measure of risk, the order of the risk-averse newsvendor should be higher. By using the standard definition of the problem and employing modern
The mean-risk newsvendor problem
We introduce the following constants: unit resale price p, unit ordering cost c, and unit salvage value s. We assume that p > c > s. Let x denote the amount ordered by the newsvendor and let D be the random demand. The net profit can be calculated as follows:
Simple manipulation yields an equivalent formula:
It is thus sufficient to consider the newsvendor problem with resale price p = p − s and ordering cost c = c − s > 0, and with no salvage value. The objective function can be written simply as
As the function Z(·, d) is concave for all d ∈ , the expected newsvendor's profit, 
One way to define a risk-averse newsvendor problem is to assume a certain concave non-decreasing utility function u : → and to consider the problem
Such an approach is in harmony with the general expected utility theory of von Neumann and Morgenstern. In the context of the newsvendor problem it was applied in [2] , where it was proved that for any concave and nondecreasing function u(·) the solution of problem (2) is smaller than or equal to the risk neutral solutionx N . The main practical difficulty with the expected utility approach is that it is very hard or even impossible to elicit the utility function of a decision-maker.
Another popular way to model risk aversion in decision problems under uncertainty is the use of meanrisk models. In finance, since the seminal work of Markowitz [8] it is generally agreed that portfolio performance should be measured in two distinct dimensions: the mean describing the expected profit, and the risk which measures the uncertainty of the profit. In the mean-risk approach, we select from the universe of all possible solutions those that are efficient: for a given value of the mean they minimize the risk or, equivalently, for a given value of risk they maximize the mean. Such an approach has many advantages: it allows one to formulate the problem as a parametric optimization problem, and it facilitates the trade-off analysis between mean and risk. Since [8] , the variance has been considered as the measure of risk, mainly due to analytical tractability. However, it was revealed that some other risk measures have several desirable properties over the variance, such as semideviation, deviation from quantiles or Conditional Value at Risk (see [9, 10, 11, 12] ).
Following these ideas, we introduce a measure of variability of the random profit Z: a certain functional r[·] defined on the space of real random variables Z . Instead of maximizing the expected profit, the riskaverse newsvendor solves the problem:
where λ > 0 is a trade-off coefficient between mean and risk. Important examples of functionals r [·] are the semideviation of order p ≥ 1:
and weighted mean deviation from quantile:
The optimal η in the problem above is any β-quantile of Z. Optimization models with functionals (4) and (5) were considered in [9, 10, 11] . We show later a connection of these models to the general theory of coherent measures of risk.
Before proceeding to the analysis, let us mention an important relation of the Average Value at Risk (AVaR), also known as expected shortfall or Conditional Value at Risk [12] , to the mean deviation from quantile r β [·] .
All these relations can be found in [11, 15] and in [5] (with obvious adjustments for the sign change of Z). The relation (6) allows us to interpret AVaR as a mean-risk model.
Analysis of basic mean-risk models
In this section we briefly analyze two mean-risk models with risk functionals r β [Z] and σ 1 [Z] . There are three reasons for that: practical importance, ease of analysis, and the fundamental role of r β [Z] in the theory of law invariant coherent measures of risk.
Proof. The result can be proved (for a continuous distribution of D) by differentiating r β [Z(x)] with respect to x and changing the order of integration (see [3] and [6] for similar derivations). We use here an alternative proof idea based on simple inequalities for quantiles.
for any deterministic function ϕ : → . Also, the function r β [·] is positively homogeneous. In particular, using ϕ(x) = cx we see from (1) Consider 0 ≤ x 1 ≤ x 2 and define the random variables
The expression under the expected value in (7) reads
If D ≥ x 1 the "max" expression under the expected value in (7) is nonnegative. Therefore
as required. The other two cases ( q β (D) < x 1 and q β (D) > x 2 ) can be analyzed in a similar way.
The following monotonicity result is analogous to that obtained in [3] .
there exists a solutionx 2 of the problem Proof. Suppose thatx 1 is an optimal solution of (8) . Observe that the objective function of (9) differs from the objective function of (8) by −(λ 2 − λ 1 )r β Z(x, D) which, by Lemma 1, is a nonincreasing function of x. Thus, for every x ≥x 1 we have the inequality
The reverse implication is similar.
The property that the solution set of the problem (3) is a nonincreasing function of the risk aversion parameter λ can now be extended to the case of the semideviation risk functional. One way to do it is a direct proof, as Lemma 1 and Theorem 1 above. We choose another approach that uses the general identity proved by in [11] :
Lemma 2. For every β ∈ (0, 1) the function x → σ 1 [Z(x)] is nondecreasing on + .
Proof. Owing to Lemma 1, for every β ∈ (0, 1) the function x → r β [Z(x)] is nondecreasing. Consequently, their maximum is nondecreasing as well, and our result follows from the indentity (10).
It is now clear that Theorem 1 holds true also for the mean-risk model with the risk functional
The proof is identical.
Extension to law invariant coherent measures of risk
Problem (3) can be equivalently written as follows:
where ρ[·] is a certain measure of risk
The paper [1] initiated a general theory of measures of risk, by specifying a number of axioms that these measures should satisfy. For further generalization and overview of other developments, see [5] and [14] .
Here we provide a brief information sufficient for our purposes.
Let (Ω, F ) is a certain measurable space. In our case, Ω is the probability space on which D is defined. An uncertain outcome is represented by a measurable function Z : Ω → . We specify the vector space Z of allowed functions; in our case it is sufficient to consider Z = L ∞ (Ω, F , ¢ ). Indeed, for a fixed order quantity x, the function ω
A coherent measure of risk is a functional ρ : Z → satisfying the following axioms: Using identity (6) we can rewrite ρ[Z] as follows:
This means that every problem (11) with a coherent law invariant measure of risk is a mean-risk model, with the risk functional
Proof. By Lemma 1, each function x → r β [Z(x)] is nondecreasing, for every β ∈ (0, 1). Then the integral over β with respect to any nonnegative measure µ is nondecreasing as well. Taking the supremum in (13) does not change this property.
Owing to this result, Theorem 1 holds true also for the mean-risk model with the risk functional
The Kusuoka theorem allows us to constructively define law invariant coherent measures of risk, by specifying the set of measures M . For example, setting M to the set of all probability measures on [β min , β max ] , with 0 < β min ≤ β max < 1, we obtain the risk functional as the worst scaled average deviation from quantile:
4 Sample-based optimization
With a general probability distribution of demand, it is impossible to solve our problem in a closed form. We resort to sample-based optimization. That is, we randomly generate a large sample from the demand distribution:
Then we solve the mean-risk model with the empirical distribution of D, by treating the sampled values D k as equally likely scenarios (with probabilities p k = 1/N). For an introduction to sample-based optimization, see [16] .
In the case of the semideviation σ 1 [·], the mean-risk model (3) is equivalent to the following linear programming problem:
The equivalent linear programming problem for the mean deviation from a quantile is:
The derivation of these linear programming models follows the lines of [15] and will be omitted.
The last model may also serve as a building block for the mean-risk model associated with a general law invariant measure of risk, given by a convex set of probability measures M on [0, 1] in (13) . We approximate M by a convex set of probability measures Q supported on the points β i = i/n, i = 1, . . . , N. We obtain the semi-infinite linear programming problem:
If the set Q is a polyhedron, it is sufficient to satisfy the semi-infinite constraint only for the verticeŝ q 
It should be stressed that the representation of all law invariant coherent measures of risk by Kusuoka'a theorem holds true in nonatomic spaces, in general. In a space with atoms, the mean-risk model with the risk term given by (13) still defines a coherent measure of risk, but it may not be possible to construct any law invariant coherent measure of risk this way. Also, the issues of convergence of discrete approximations call for precise analysis. 
Numerical example
In order to illustrate the results of this note, we consider the problem with c = 10, p = 15, and s = 7. We consider two distributions of the demand: uniform in [0,100] and lognormal. The parameters of the lognormal distribution were chosen so as to match the mean and the variance of the uniform distribution. The risk-neutral solutionx N equals 62.5 for the uniform distribution and 51.37 for the lognormal distribution.
To find the risk-averse solutions, we generate a sample of size N = 1000, and we solve the linear programming models described in the preceding section. In the deviation from quantile model, we use β = 0.5. For both models we vary the risk aversion parameter λ in the interval [0, 1]. The results are summarized in Tables 1 and 2 , and illustrated in Figure 1 . The optimal solutions from different risk measures are very similar. The monotonicity of the optimal solution as a function of λ is confirmed through the whole range of λ and for different probability distributions of demand and risk measures, respectively. Figure 1 shows the empirical cumulative distribution function for the net profit with different λ, at the optimal solutions of the problem with the lognormal distribution. The most distinguishing features are that there is a jump of each curve (corresponding to the mass probability atx) and that the curves with larger λ have a thinner left tail, which reflects risk aversion. 
